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Abstract  
We consider a quadratic Sturm-Liouville problem. In this paper, some uniqueness theorems are extended to 
the case in which the governing second-order ordinary differential equation contains both )(xq  and )(xp  
instead of only )(xq . It is shown that if the spectrum is the same as the spectrum belonging to the zero 
potential, then the functions )(xq  and )(xp are zero. 
Keywords:  Quadratic Sturm-Liouville equation, Spectrum, Ambarzumyan's theorem. MSC 2000:  34B24, 34A55. 
Bir Quadratik Sturm-Liouville Operatorü için Ambarzumyan Tipi 
Teorem 
Özet 
Bu çalışmada bir kuadratik Sturm-Liouville problemi ele alındı. Bazı teklik teoremleri, içerisinde sadece  
değil hem  hemde  bulunduran ikinci mertebeden adi diferensiyel denklem olması durumuna 
genişletildi. Spektrum eğer sıfır potansiyeline ait olan spektrum ile aynı ise,  ve  fonksiyonlarının sıfır 
olduğu gösterildi. 
Anahtar Kelimeler: Quadratik Sturm-Liouville denklemi, Spektrum, Ambarzumyan teoremi. MSC 2000:  34B24, 34A55. 
1. Introduction 
 
Initially, consider the following eigenvalue 
problem 
 
       (1.1) 
 
where , and . This 
eigenvalue problem arises in many fields such as 
mechanics, physics, electronics, geophysics, 
meteorology and other branches of sciences and 
there is a lot of literature on solving this problem 
[3], [10], [14], [16], [18], [19]. Ambarzumyan's 
paper can be viewed as first and vital reference 
in the history of inverse spectral problems 
associated with Sturm-Liouville operators [1]. In 
1929, he showed that for the Neumann boundary 
conditions  if the spectrum 
(collection of the eigenvalues) in (1.1) is 
 then the potential 
function  is zero almost everywhere on 
. Ambarzumyan's theorem was extended to 
the second order differential systems of two 
dimensions in [5], to Sturm-Liouville differential 
systems of any dimension in [6], to the Sturm--
Liouville equation (which is concerned only with 
Neumann boundary conditions) with general 
boundary conditions by imposing an additional 
condition on the potential function [7], and to the 
multi-dimensional Dirac operator in [21]. In 
addition, some different results of 
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Ambarzumyan's theorem have been obtained in 
[4], [11], [12], [20], [22], [23]. 
In this study, by extending the results of 
classical Sturm-Liouville problem, we show that 
an explicit formula of eigenvalues can determine 
two functions in the quadratic pencil of Sturm-
Lioville operator with Neumann conditions. 
Before giving the main results, we mention 
some physical properties of the quadratic 
equation. The problem of describing the 
interactions between colliding particles is of 
fundamental interest in physics. It is interesting 
in collisions of two spinles particles, and it is 
supposed that the s wave scattering matrix and 
the a s wave binding energies are exactly 
known from collision experiments. For a radial 
static potential ),( xEV  and a s  wave, the 
Schrödinger equation is written as 
  0,=),('' yxEVEy 
 
where 
).()(2=),( xqxpExEV   
We note that with the additional condition 
),(=)( 2 xpxq   above equation reduces to the 
Klein-Gordon s -wave equation for a particle of 
zero mass and energy E  [15]. 
Consider the boundary-value problem generated 
by the quadratic ( in the eigenvalue )  
differential equation 
  0,,=)](2)(['' 2  xyyxpxqy (1.2) 
with the homogeneous Neumann boundary 
conditions 
0,=(0)'y         (1.3) 
0,=)('y             (1.4) 
In equation (1.2),   is a spectral parameter and 
 ,0,)( 12 Wxq    .0,)(
2
2 Wxp   This 
problem is called the quadratic pencil of the 
Schrodinger operator. If 0=)(xp  the classical 
Sturm-Liouville operator is obtained. Some 
versions of the eigenvalue problem (1.2)-(1.4) 
were studied extensively in [2], [8], [9], [13], 
[17]. 
We define 
),('=)(            (1.5) 
which is called the characteristic function. In the 
Sturm-Liouville theory, it is well-known that   
is an eigenvalue of the problem (1.2)-(1.4) if and 
only if 0.=)(  
Theorem 1. ([8]) Let  ,0,)( 12 Wxq   
 0,)( 22Wxp   and   ,x  is the solution of 
(1.2) with inital condition (1.3) 



















                   
(1.6) 



































































































































Lemma 1. ([8]) (1.2)-(1.4)  boundary value 
problem has a countable set of eigenvalues  n  
given by 
(1.7) 












































              
 (1.9) 
 
2. Main Results 
 
In this section, some uniqueness theorems are 
given for the equation (1.2) with Neumann 
boundary conditions. It is shown that an explicit 
formula of eigenvalues can determine the 
functions )(xq  and )(xp  be zero both. 
Consider a second quadratic Sturm -
Liouville problem 
 
  0,,=)](2)(['' 2
~
 xyyxpxqy (2.1) 
0,=(0)'y                                                 (2.2) 
0,=)(' y                                                    (2.3) 
where  has the same properties of q . 
The problems (1.2)-(1.4) and (2.1)-(2.3) will be 








qpL  and 
spectrums of these problems will be denoted by 








qp  respectively. 






,=, qpqp   























,=, qpqpn   are large eigenvalues. 
Then, we can write from (1.4) 























































































































 0.=  
By using Riemann Lebesque lemma and for 
n  in Lemma 1, we obtain that 
).,(=),(
~
 AA  On the other hand, by 
Theorem 1., we get 
 









































Theorem 3. If the eigenvalues of the (1.2)-(1.4) 
Neumann boundary value problem  are nn =  
for 1,n  and   0  then, 0=)(=)( xpxq  
almost everywhere on  .0,
 
Proof: From (1.4) 
 






























































  ndtnttBx 

 
By using the Riemann-Lebesgue lemma, we 
obtain 
  0.=),()(sin)('  An   
Since 0,=)(  the last equality gives 














































































Let 1y  be an eigenfunction corresponding to 
















We claim that 0(0)1 y  and 0.)(1 y  
Indeed, otherwise if (0)'=0=(0) 11 yy  or 
)('=0=)( 11  yy , then, we obtain that 
0=)(1 xy  which contradicts the fact that )(1 xy  
is an eigenfunction corresponding to the 


























































































and we obtain a nonlinear differential equation 
as     0=212
2
1 ypy
'   which satisfies 0=p  
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and 0.=1y  Thus, kxy =)(1  ( k  is a constant). 
Substituting this in the equation (2.4), we get 
0=)( kxqk ''   and 0=)(xq  almost 
everywhere on  .0,  This completes the proof. 
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